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We introduce a framework for the construction of completely positive maps for subsystems of
indistinguishable fermionic particles. In this scenario, the initial global state is always correlated,
and it is not possible to tell system and environment apart. Nonetheless, a reduced map in the
operator sum representation is possible for some sets of states where the only non-classical correlation
present is exchange.
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I. INTRODUCTION
The characterization of the dynamics of a system that
may be correlated with other systems has been sub-
ject of investigation in several areas, varying from quan-
tum information processing to condensed matter physics
[1, 2]. A closed system evolves unitarily according to the
Schro¨dinger equation. On the other hand, the dynamics
of a subsystem is not necessarily unitary, and the the-
ory of open quantum systems provides the mathematical
framework to treat it. In this context, we speak of sys-
tem and environment, and say that the system, which is
just a part of the whole, is open. If system and envi-
ronment start in a uncorrelated global state (factorable),
then the dynamics is guaranteed to be completely posi-
tive (CP). However, if the system is initially correlated
with the environment, the map associated with the dy-
namics of the system may not be completely positive or,
as we will see, is valid only for a subset of the state space.
In recent years, more attention has been given to the con-
struction of reduced dynamical maps with different ini-
tial conditions [3–8], mainly motivated by discussions be-
tween Pechukas and Alicki [9–11]. Pechukas introduced
the idea of ‘assignment map’ (Φ), which characterizes
initial system-environment states (ΦρS = ρSE) for open
quantum systems, and showed that imposing three ‘nat-
ural’ conditions, namely: (linearity) Φ preserves mix-
tures; (consistency) it is consistent, in the sense that
ρS = TrE(ΦρS); (positivity) and ΦρS is positive for all
positive ρS ; this implies the initial state of the system
and environment is factorable (ΦρS = ρS ⊗ ρE). To deal
with the problem of characterizing reduced dynamics of
initial correlated systems, Pechukas [9, 11] suggested to
giving up positivity. On the other hand, Aliciki [10] ar-
gued to either giving up consistency or linearity. In the
end, the conclusion is that, one way or the other, the
domain of validity of the assignment map must be re-
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stricted. Afterwards, Stelmachovic et al. [3] studied the
influence of initial correlations between system and en-
vironment in the dynamics of the system, making clear
that taking into account such correlations is paramount
to the correct description of the evolution. They showed
an instructive example with two qubits (one for the sys-
tem, one for the environment), evolving under a C-NOT
gate: both a maximally entangled state and a maximally
mixed global state have the same one-qubit local max-
imally mixed states, but the evolution is radically dif-
ferent. In a comment to [3], Salgado et al. [12] showed
for two qubits that, whatever the initial correlations, the
system dynamics has the Kraus representation form, and
is consequently completely positive, whenever the global
dynamics is locally unitary. This was then proved for bi-
partite global systems of arbitrary dimension by Hayashi
et al. [4]. Later on many authors worked out sets of
classicaly [5, 6] or quantum [7, 8] correlated initial global
states that guarantee complete positivity of the reduced
dynamics. The subject has recently regained impetus,
with many interesting discussions [8, 13–18].
In this work we are interested in the construction of the
reduced dynamical map in the case of systems of N indis-
tinguishable particles, in particular fermions, which are
always correlated, and for which an usual tensor prod-
uct structure between ‘system’ and ‘environment’ is ab-
sent. The subtle notion of quantum correlations of in-
distinguishable particles has been investigated by many
authors, with introduction of seminal ideas, as entangle-
ment of modes [19], or entanglement of particles [20–26].
Our own group has scrutinized the concept of entangle-
ment of particles [23, 24], and made interesting applica-
tions [27]. More recently, the concept of ‘quantumness of
correlations’ of indistinguishable particles was explored
by Iemini et al. [28], and Debarba et al. [29]. It is well
established that the exchange correlations generated by
mere antisymmetrization of the state, due to indistin-
guishability of their fermions, does not result in entan-
glement or, more generally, in quantumness [28, 29]. To
the best of our knowledge, the role of initial exchange
correlations in the reduced dynamics is still unexplored.
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2FIG. 1: Pictorial view of Hilbert space with (a) tensor product structure (H⊗H⊗H), and (b) antisymmetric space
without tensor product structure, where the particle states overlap. A partial trace over a subsystem in the
antisymmetric space has information about the whole system, since the particles are indistinguishable.
We propose a framework to construct completely posi-
tive maps representing the dynamics of a single particle
reduced state.
This paper is organized as follows. In Sec.II we briefly
discuss particle correlation in the antisymmetric sub-
space. In Sec.III we identify a class of initial global states
that give rise to completely positive reduced dynamics.
In Sec.IV we illustrate the formalism with an example
of two fermions under a quadratic Hamiltonian. Conclu-
sions are presented in Sec.V.
II. CORRELATIONS IN THE
ANTISYMMETRIC SUBSPACE
Composed distinguishable quantum systems are de-
scribed by density operators over a composition of
Hilbert spaces of individual subsystems, by means of the
tensor product:
ρ1···N : HN −→ HN , (1)
where HN = HL11 ⊗ · · · ⊗ HLNN , N is the number of
subsystems, Li is the dimension of i’th subsystem, and
ρ1···N ∈ D(HL11 ⊗ · · · ⊗ HLNN ), with D the set of den-
sity operators (positive semidefinite and trace-one oper-
ators). In these systems, the tensor product structure
between the subsystems plays an important role to the
characterization of correlations as entanglement [35] and
quantumness [33, 34]. However, the state space of N
indistinguishable fermions is described by the antisym-
metrized composed Hilbert space (Fig. 1):
FLN = A(HL1 ⊗ · · · ⊗ HLN ), (2)
where N is the number of fermions and L is the number
of accessible modes. Note that this space does not sup-
port a tensor product structure and have a more suitable
description in the second quantization formalism. There-
fore a basis in this subspace can be constructed out of
fermionic operators {ak}Lk=1, satisfying the usual anti-
commutation relations:
{al, a†k} = δk,l, {ak, al} = {a†k, a†l } = 0, (3)
where ak and a
†
k are annihilation and creation opera-
tors for the k’th mode, respectively. A single particle or-
thonormal basis is formed by the set of states {a†k|0〉}Lk=1,
where |0〉 represents the vacuum.
As mentioned in the Introduction, the correlation of
indistinguishable particles, mostly entanglement, was
study by many groups [20–26], giving rise to many defini-
tions that agree with each other in the fermionic case, in
the sense that the set of unentangled states can be writ-
ten as a convex sum of Slater determinants. More gener-
ally, with studies in quantumness [28, 29], we can define
states where the only non-classical correlation present is
exchange, which leads to the following definition:
Definition 1. A fermionic state ω ∈ D (FLN) has no
quantumness of correlation if it can be decomposed as
a convex combination of orthogonal Slater determinants,
namely,
ω =
∑
~k
p(~k)a†~k|0〉〈0|a~k, (4)
where ~k = (k1, . . . , kN ) is an N -tuple denoting the modes
occupied by the fermions, with ki = 1, ..., L, p(~k) is a
probability distributions and a†~k|0〉 ≡ a
†
k1
· · · a†kN |0〉.
As we are interested in exploring the role of initial ex-
change correlations in the reduced dynamics of fermionic
systems, we will choose the initial global fermionic state
in the set with no quantumnes, according to Definition
1.
III. DYNAMICAL MAPS FOR REDUCED
STATES OF FERMIONIC SYSTEMS
In this section we introduce the formalism to describe
the dynamics of a single fermion in a closed system of
N fermions. More precisely, given a system of N indis-
tinguishable fermions in the state ρ(0), evolving under
the unitary Ut, which preserves the total number of par-
ticles, we want to obtain the dynamical map Φt, which
3FIG. 2: Schematic diagram characterizing the dynamics
of indistinguishable fermions. Suppose an initial
N -fermion state ρ(0) evolving under the unitary Ut.
The reduced one-fermion state ρr(0) = TrN−1(ρ(0))
evolves under the dynamical map Φt.
evolves the one-particle reduced state ρr = TrN−1 (ρ(0)),
see Fig. 2. Since the fermionic states are restricted to
the antisymmetric sector of the Hilbert space, it is not
possible to start with initial states in the tensor product
form. As discussed in the Introduction, one way to deal
with the problem of obtaining completely positive maps,
characterizing the dynamics of states initially correlated
with an external system, is to restrict the domain of the
map. Using the fact that the Kraus representation as-
sures completely positivity [1, 2], we will show that for
some sets of initial states with no quantumness of cor-
relations, we can construct completely positive maps for
the reduced state.
The construction of the single-fermion dynamical map,
in the simplest scenario of a closed system of two fermions
initially in a pure state, ρ(0) = |ψ〉〈ψ|, gives us a good
grasp on the general features of the formalism, and in-
cludes all the technical problems of the general case. The
generalisation to N fermions mixed states is straightfor-
ward and performed in Appendix B.
Let us consider a set of states in the antisymmetric
space of 2 fermions and L+1 modes, that can be written
in a given basis of Slater determinants as:
Sµ,pure2 ≡
{
a†µa
†
k|0〉〈0|akaµ
}L
k=0
, (5)
where µ is fixed mode. Note that µ labels a reference
mode, and different values of µ lead to distinct sets.
Let us calculate the one-particle reduced state by
tracing out one fermion from Eq.(5). Assuming that
{f†k}Lk=0 is an orthonormal basis of fermionic creation
operators for the space of a single fermion (FL+11 ), thus
f†k =
∑
l Vkla
†
l , V is a unitary matrix of dimension
L + 1. The partial trace over one particle is given by
ρr =
1
2
∑L
k=0 fkρf
†
k . The explicit calculation of the ma-
trix element (ρr)i,j goes as follows:
(ρr)i,j = 〈0|fj
(
1
2
∑L
k=0 fkρf
†
k
)
f†i |0〉
= 12
∑L
k=0 〈0|fk
(
fjρf
†
i
)
f†k |0〉
= 12Tr1(f
†
i fjρ), (6)
where we used the fermionic anti-commutation relations
and the cyclicality of the trace. Now we can write the
set of single-fermion reduced states of Eq.(5):
Sµ,purer(2) = Tr1 (Sµ,pure2 )
=
{
1
2
a†k|0〉〈0|ak +
1
2
a†µ|0〉〈0|aµ
}L
k=0
, (7)
with µ a fixed mode. Assuming the dynamics of ρ(0) ∈
Sµ,pure2 is given by the unitary Ut, we can define a CP
map Φµt for the dynamics of the single-fermion reduced
state ρr(0) ∈ Sµ,purer(2) , i.e., a CP map Φµt : Sµ,purer(2) 7→
FL+11 as follows:
Definition 2. A dynamical map Φµt for the single-
fermion reduced state ρr(0) ∈ Sµ,purer(2) , of a 2-fermion
pure state initially with no quantumness of correla-
tions, ρ(0) ∈ Sµ,pure2 , evolving under the global uni-
tary Ut, has the operator sum representation Φ
µ
t [ρr] =∑L
j=0K
µ
j ρrK
†µ
j , with the Kraus operators
Kµl = flUta
†
µ. (8)
Proof. If the 2-fermion state evolves according to ρ(t) =
Utρ(0)U
†
t , the reduced density matrix is:
ρr(t) = Tr1(Uta
†
µa
†
k|0〉〈0|akaµU†t )
=
L∑
l=0
flUta
†
µ
(
1
2
a†k|0〉〈0|ak
)
aµU
†
t f
†
l , (9)
where in the last equation we used the definition
of fermionic partial trace (Eq.(6)) and the anti-
commutation relations. Using the fact that we cannot
create more than one fermion in the same mode (Pauli
exclusion principle), we can add a second null term in
Eq.(9), in order to recover the reduced state in the form
of Eq.(9),
ρr(t) =
L∑
l=0
flUta
†
µ
(
1
2
a†k|0〉〈0|ak
)
aµU
†
t f
†
l
+
L∑
l=0
flUta
†
µ
(
1
2
a†µ|0〉〈0|aµ
)
aµU
†
t f
†
l , (10)
which can be written as,
ρr(t) =
L∑
l=0
flUta
†
µ (ρr(0)) aµU
†
t f
†
l
=
L∑
l=0
Kµl ρr(0)K
µ†
l , (11)
4with Kµl = flUta
†
µ.
Due to the restriction of the map domain (Eq(7)), the
relation between Kraus operators and trace preservation
can be written as,∑
l
Kµ†l K
µ
l = diag (λ0, λ1, ..., λL) , (12)
with λi 6=µ = 2 and λµ = 0, since
Tr (ρr(t)) = Tr [diag (λ0, λ1, ..., λL) ρr(0)] = 1, (13)
where ρr(0) ∈ Sµ,purer(2) . This can be checked by com-
puting the matrix elements of
∑
lK
µ†
l K
µ
l , in the basis
{a†k|0〉}Lk=0, namely:
L∑
l=0
(
Kµ†l K
µ
l
)
i,j
= 〈0|ai
L∑
l=0
Kµ†l
(
L∑
k=0
a†k|0〉〈0|ak
)
Kµl a
†
j |0〉
= 〈0|aiaµU†t
∑
k,l
f†l a
†
k|0〉〈0|akfl

×Uta†µa†j |0〉,
(14)
where we used in the first line the identity∑
k a
†
k|0〉〈0|ak = IFL+11 .
Since {ai} and {fi} are both orthonormal bases, there
exists a unitary V , of dimension L + 1, which performs
the single particle transformation f†l =
∑
m Vlma
†
m, we
can simplify the term∑
k,l
f†l a
†
k|0〉〈0|akfl
 =
=
 ∑
k,l,m,n
Vm,lV
∗
n,la
†
ma
†
k|0〉〈0|akan

=
∑
k,m
a†ma
†
k|0〉〈0|akam
 = 2IFL+12 , (15)
therefore,we have:
L∑
l=0
(
Kµ†l K
µ
l
)
i,j
= 2〈0|aiaµa†µa†j |0〉
=
{
2, if i = j, i 6= µ, j 6= µ
0, otherwise
. (16)
As mentioned before, fixing different values of the ref-
erence mode µ, generates distinct maps Φµt with domain
Sµ,purer(2) . Now let us compare these distinct maps. We
know that given two sets Sµ,pure2 and Sν,pure2 , with fixed
modes µ and ν, there exists a unitary V ∈ U(FL+12 ) such
that a†νa
†
k|0〉 = V a†µa†k|0〉. Therefore, any pair of maps
Φµt and Φ
ν
t have the Kraus operators {Kµj = fjUta†µ}j
and {Eνj = fjUtV a†µ}j , respectively. We can compute
an upper bound to the norm difference of the (Choi-
Jamiolkowski) dynamical matrices DΦµt and DΦ
ν
t
, associ-
ated with the maps, which is proved in Appendix B B.1
:
‖DΦµt −DΦνt ‖1 ≤
d2L2 sup
a†
~k
|0〉〈0|a~k′∈FL+12
‖
(
a†~k|0〉〈0|a~k′ − V
Ta†~k|0〉〈0|a~k′V
∗
)
‖1,
(17)
where d is the dimension of FL+12 . It is illustrative to
compare this bound with its counterpart in the case of
distinguishable particles, where we have initially uncor-
related system S and environment E forming a closed
global system, whose dynamics is described by a uni-
tary US:E . Assuming two dynamical maps, Φt and Λt,
constructed from different initial states of the environ-
ment, we have the two sets of Kraus operators {Ka =
〈a|US:E |0〉}a and {Ea = 〈a|US:E(IS ⊗ VE)|0〉}a, respec-
tively. Then the following inequality, which is proved in
Appendix B B.2, holds:
‖DΦ −DΛ‖1 ≤ d2S‖|0〉〈0| − VE |0〉〈0|V †E‖1, (18)
where dS is the dimension of the Hilbert space of the sys-
tem S. It is important to emphasize that the two frame-
works are completely different. A tensor product struc-
ture between system and environment is absent in our
context of indistinguishable fermions. Another remark is
that the two maps in the distinguishable particles case
have the same domain, which in general is not true in
the case of indistinguishable fermions.
IV. EXAMPLES OF ONE-PARTICLE
DYNAMICAL MAPS OF INDISTINGUISHABLE
FERMIONS
In this section we illustrate our formalism, deriving the
Kraus operators for the dynamics of one-fermion reduced
state of two distinct two-particle Hamiltonians. To sim-
plify the discussion, we assume initial pure global state,
such that the Kraus operators {Kµl = flUta†µ} have do-
main given by Eq.(7).
A. Non-interacting Hamiltonian
Our first example, consisting of a non-interacting
Hamiltonian, shows the consistency of our formalism.
As no correlation can be created, and the initial global
state is pure, it is expected the one-particle evolution
be unitary. The Hamiltonian can be written in terms of
fermionic operators as H =
∑
i,jMi,ja
†
iaj , and has the
5following diagonal form: H =
∑
k λkb
†
kbk, where
b†k =
∑
i
Vk,ia
†
i , (19)
a†j =
∑
k
V ∗k,jb
†
k, (20)
λk are the single particle energy excitations and V is the
unitary that diagonalizes M . The dynamical evolution is
given by the unitary Ut = exp
(
−it∑k λkb†kbk). Now, we
form the Kraus operators using Eq.(8), with the choice
{f†k}Lk=0 = {bk}Lk=0, namely: Kµl = blUtaµ. The matrix
elements of the Kraus operator are explicitly:
(Kµl )m,n = 〈0|bmblUta†µb†n|0〉
= 〈0|bmblUt
(∑
k
V ∗k,µb
†
k
)
b†n|0〉
=
∑
k
V ∗k,µe
−it(λk+λn) (δl,kδm,n − δm,kδl,n) ,
(21)
thus
Kµl =
∑
m
e−it(λl+λm)
(
V ∗l,µb
†
m|0〉〈0|bm − V ∗m,µb†m|0〉〈0|bl
)
.
The map acts on its domain (Eq.(7)) as the unitary Ut:
ρr(t) =
1
2
∑
m,n
(
V ∗m,kVn,k + V
∗
m,µVn,µ
)
×e−it(λm−λn)b†m|0〉〈0|bn
= Utρr(0)Ut
†. (22)
B. Four Level Interacting System
Consider two spin-1/2 fermions, in a lattice of two
sites, whose dynamics is given by the following Hamil-
tonian:
H = −
∑
σ=↑↓
(
a†1σa2σ + h.c
)
+u
2∑
j=1
nj↑nj↓+vn1n2, (23)
where a†jσ and ajσ are creation and annihilation oper-
ators, respectively, of a fermion at site j with spin σ,
njσ = a
†
jσajσ and nj = nj↑ + nj↓ are the number op-
erators. The first term of the Hamiltonian characterizes
hopping (tunnelling) between sites, while the second and
third terms characterize the on-site and intersite inter-
actions, parametrized by u and v, respectively. In the
basis a†~k|0〉 ∈ F42 , where ~k = (k1, k2) has six possible
configurations,
~k ∈ {(1↑, 1↓) , (1↑, 2↑) , (1↑, 2↓) , (1↓, 2↑) ,
(1↓, 2↑) , (2↑, 2↓)} , (24)
we obtain the following matrix representation for the
Hamiltonian:
H =

u 0 −1 1 0 0
0 v 0 0 0 0
−1 0 v 0 0 −1
1 0 0 v 0 1
0 v 0 0 v 0
0 0 −1 1 0 u
 . (25)
Now we form the Kraus operators Kµj = ajUta
†
µ, with
the choice {f†k}Lk=0 = {ak}Lk=0. If the unitary V diago-
nalizes the Hamiltonian, D = V HV †, we can write Ut
as:
Ut =
∑
~l
e−iD~l,~lt
∑
~k,~k′
V~l,~kV
∗
~l,~k′
a†~k|0〉〈0|a~k′ . (26)
According to Eq.8 we have:
Kµj = ajUta
†
µ
=
∑
~l
e−iD~l,~lt
∑
k1,k2,k′1,k
′
2
V~l,k1k2V
∗
~l,k′1k
′
2
×
aja
†
k1
a†k2 |0〉〈0|ak′2ak′1a†µ. (27)
Using the anti-commutation relations, the last line of
Eq.(27) reduces to:
aja
†
k1
a†k2 |0〉〈0|ak′2ak′1a†µ =
=
(
δj,k1a
†
k2
− δj,k2a†k1
)
|0〉〈0| (ak′2δk′1,µ − ak′1δk′2,µ) ,
(28)
and finally,
Kµj =
∑
~l
e−iD~l,~lt
∑
k,k′
[
V~l,jk
(
V ∗~l,k′µ − V ∗~l,µk′
)
+
V~l,kj
(
V ∗~l,kj − V ∗~l,µk′
)]
a†k|0〉〈0|ak′ . (29)
The unitary V can now be written explicitly as,
V =

− 1√
2
0 0 0 0 1√
2
0 0 0 0 1 0
0 0 1√
2
1√
2
0 0
0 1 0 0 0 0
a(u, v) 0 b(u, v) −b(u, v) 0 a(u, v)
b(u, v) 0 −a(u, v) a(u, v) 0 b(u, v)
 , (30)
while the explicit form of D is:
D = diag
(
u, v, v, v,
1
2
[
(u + v)−
√
∆(u, v)
2
+ 16
]
,
1
2
[
(u+ v) +
√
∆(u, v)
2
+ 16
])
, (31)
with ∆(u, v) = v − u,
a(u, v) =
∆(u, v) +
√
∆(u, v)
2
+ 16√√√√2[(∆(u, v) +√∆(u, v)2 + 16)2 + 16]
,
6and
b(u, v) =
4√√√√2[(∆(u, v) +√∆(u, v)2 + 16)2 + 16]
.
V. CONCLUSION
In systems of indistinguishable fermions, antisym-
metrization eliminates the notion of separability, and the
very concept of correlation, which is an important ingre-
dient in obtaining CP maps for open systems, becomes
subtle. We showed that it is possible to write a CP map
for a single fermion, which is part of a system on N in-
distinguishable particles, for sets of initial global states
with no quantumness of correlation. We also illustrated
our formalism with examples of CP maps corresponding
to a non-interacting and an interacting Hamiltonian of
two fermions. The extension of our formalism to subsys-
tems with more than one indistinguishable particle, and
for the case of bosons presents no difficulty. As many
properties of many-body Hamiltonians can be inferred
from the single particle reduced state, an interesting in-
vestigation would be if any computational gain can be
obtained by the employment of the formalism developed
in this article.
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Appendix A: Dynamical Map for Single-Fermion
Reduced State - General Case with Initial Mixed
States
A.1. System of Two Fermions
Consider a set of mixed quantum states in the an-
tisymmetric space of L + 1 modes and two fermions,
ρ(0) ∈ FL+12 , written in a basis of Slater determinants:
Sp2 =ρ(0) = ∑
µ∈Σ,k∈Γ
p(µ)q(k)a†µa
†
k|0〉〈0|aµak
∣∣ p fixed
 ,
(A1)
with both Σ and Γ finite, and disjoint, Σ ∩ Γ = ∅. Let
|Σ| = d, |Γ| = L − d, and ZL+1 = {0, 1, . . . , L}. We
took the d elements of Σ from ZL+1, and the set Γ as
Zd \ Σ. Tracing out one fermion from Sp2 , we obtain the
single-fermion reduced states, {ρr(0)}:
Spr(2) =ρr(0) = 12 ∑
k∈Γ
q(k)a†k|0〉〈0|ak +
1
2
∑
µ∈Σ
p(µ)a†µ|0〉〈0|aµ
∣∣
p fixed} . (A2)
Definition 3. A CP map Φpt , describing the dynamics
of the single particle reduced state ρr(0) ∈ Spr(2), can be
written in Kraus representation as:
Φpt [ρr(0)] =
L∑
j=0
∑
µ∈Σ
Kpj,µρr(0)K
p†
j,µ, (A3)
with the Kraus operators:
Kpl,µ = flUtaµ
†√p(µ) ∏
m∈Σ
(
1− a†mam
)
, (A4)
Proof. The one-particle reduced dynamics can be ex-
pressed as ρr(t) = Tr1(Utρ(0)U
†
t ):
ρr(t) =
=
1
2
L∑
k=0
flUt
 ∑
µ∈Σ,k∈Γ
p(µ)q(k)a†µa
†
k|0〉〈0|aµak
U†t f†l
=
L∑
l=0
∑
µ∈Σ
√
p(µ)flUta
†
µ
(
1
2
∑
k∈Γ
q(k)a†k|0〉〈0|ak
)
×
√
p(µ)aµU
†
t f
†
l . (A5)
Defining an operator
∏
m∈Σ
(
1− a†mam
)
that annihilates
fermions in Σ, and leaves states unchanged otherwise, we
can write
ρr(t) =
=
L∑
l=0
∑
µ∈Σ
√
p(µ)flUta
†
µ
∏
m∈Σ
(
1− a†mam
)×
(
1
2
∑
k∈Γ
q(k)a†k|0〉〈0|ak
) ∏
m∈Σ
(
1− a†mam
)
aµU
†
t f
†
l
√
p(µ).
(A6)
Note that
∏
m∈Σ
(
1− a†mam
)1
2
∑
j∈Σ
p(j)a†j |0〉〈0|aj
 = 0. (A7)
7Adding Eq.(A7) to Eq.(A6), Definition 3 is proven:
ρr(t) =
L∑
l=0
∑
µ∈Σ
flUta
†
µ
√
p(µ)
∏
m∈Σ
(
1− a†mam
)
×
1
2
∑
k∈Γ
q(k)a†k|0〉〈0|ak +
1
2
∑
j∈Σ
p(j)a†j |0〉〈0|aj

×
∏
m∈Σ
(
1− a†mam
)√
p(µ)aµU
†
t f
†
l
=
L∑
l=0
∑
µ∈Σ
Kpl,µρr(0)K
†p
l,µ. (A8)
A.2. System of N-Fermions
Consider a set of states ρ ∈ FL+1N , with no quantum-
ness,
SpN =ρ(0) = ∑
~µ∈~Σ
∑
k∈Γ
p(µ1, · · · , µN−1)q(k)
×a~µak|0〉〈0|aka~µ
∣∣ p fixed} , (A9)
where ~µ = (µ1, . . . , µN−1), ~Σ = (Σ1, . . . ,ΣN−1) are
N−1-tuples, and p(~µ), q(k) are probability distributions.
The sets Σj and Γ are finite, and disjoint Σj ∩ Γ = ∅
∀j. With
∣∣∣~Σ = ∪N−1i=1 Σi∣∣∣ = d, |Γ| = L − d, and ZL+1 =
{0, 1, . . . , L}, we took the d elements of ∪N−1i=1 Σi from
ZL+1, and the set Γ as Zd \ ∪N−1i=1 Σi. Note that d is
the number of accessible modes for N − 1 fermions, thus
d ≥ N − 1.
Tracing N − 1 fermions out from (A9), we obtain the
set of single-fermion reduced states {ρr(0)}:
Spr(N) =
{
ρr(0) =
1
N
∑
k∈Γ
q(k)a†k|0〉〈0|ak+
1
N
N−1∑
j=1
∑
µj∈Σj
pj(µj)a
†
µj |0〉〈0|aµj
∣∣
pj fixed∀j} , (A10)
where pj(µj) =
∑
~µ\µj p(µ1, · · · , µN−1) is the marginal
distribution.
Definition 4. A CP map Φpt describing the dynamics
of the single particle reduced state ρr(0) ∈ Spr(N), can be
written in Kraus representation as:
Φpt [ρr(0)] =
L∑
~l,~µ
Kp~l,~µ
ρr(0)K
p†
~l,~µ
, (A11)
with the Kraus operators:
Kp~l,~µ
=
=
√
p(µ1, · · · , µN−1)×
f~lUa
†
~µ
∏
m∈∪N−1i=1 Σi
(
1− a†mam
)
. (A12)
The proof of Definition 4 is mutatis mutandis the same
performed for Definition 3.
Appendix B: Norm Bound
B.1. Fermionic System
Theorem 1. Consider two maps Φ and Λ, with Kraus
operators Kj = fjUaµ and Ej = fjUV aµ, respectively.
Then the following inequality holds:
‖DΦ −DΛ‖1 ≤
d2L2 sup
a†
~k
|0〉〈0|a~k′∈FL+12
‖
(
a†~k|0〉〈0|a~k′ − V
Ta†~k|0〉〈0|a~k′V
∗
)
‖1,
(B1)
where d is the dimension of FL+12 , ~k = (k1, k2) is a 2-
tuple indicating the modes occupied by a pair of fermions,
with ki = 0, · · · , L, and V is a unitary operator, V :
FL+12 7→ FL+12 .
Proof. Writing the dynamical matrix of a map Φ in terms
of the Kraus operators {Kj}:
DΦ =
∑
j
vec(Kj) vec(Kj)
†
, (B2)
where the vec operation is defined by vec(|x〉〈y|) = |x〉⊗
|y〉, we obtain:
‖DΦ −DΛ‖1 =
= ‖
∑
j
(
vec(Kj) vec(Kj)
† − vec(Ej) vec(Ej)†
)
‖1
= ‖
∑
j
(
vec(fjUaµ) vec(fjUaµ)
†−
vec(ajUV aµ) vec(fjUV aµ)
†
)
‖1. (B3)
Using the following identity for matrices:
vec(ABC) =
(
A⊗ CT ) vec(B) , (B4)
we have,
‖DΦ −DΛ‖1 =
= ‖
∑
j
(
fj ⊗ a∗µvec(U) vec(U)† f†j ⊗ aTµ−
fj ⊗ a∗µV Tvec(U) vec(U)† f†j ⊗ V ∗aTµ
)
‖1. (B5)
8With the unitary operator U written as,
U =
∑
~k,~k′
u~k,~k′a
†
~k
|0〉〈0|a~k′ (B6)
where ~k = (k1, k2), Eq.(B5) becomes:
‖DΦ −DΛ‖1 =
= ‖
∑
j
∑
~k,~k′~l,~l′
u~k,~k′u
∗
~l,~l′
[(
fja
†
~k
|0〉 ⊗ a∗µa†~k′ |0〉
)
×
(
〈0|a~lf†j ⊗ 〈0|a~l′aTµ
)
−
(
fja
†
~k
|0〉 ⊗ a∗µV Ta†~k′ |0〉
)
×(
〈0|a~lf†j ⊗ 〈0|a~l′V ∗aTµ
)]
‖1
= ‖
∑
~k,~k′~l,~l′
u~k,~k′u
∗
~l,~l′
∑
j
(
fja
†
~k
|0〉〈0|a~lf†j
)
⊗
(
a∗µa
†
~k′
|0〉〈0|a~l′aTµ − a∗µV Ta†~k′ |0〉〈0|a~l′V
∗aTµ
)]
‖1. (B7)
Using some norm properties, as triangle inequality (‖X+
Y ‖ ≤ ‖X‖ + ‖Y ‖), positive scalability (‖αX‖ =
|α|‖X‖, α ∈ C), and tensor product (‖X1 ⊗ X2‖ =
‖X1‖‖X2‖) and the definition of fermionic partial trace
of one particle, we can write:
‖DΦ −DΛ‖1 ≤∑
~k,~k′~l,~l′
∣∣∣u~k,~k′u∗~l,~l′ ∣∣∣ ‖Tr1 (a†~k|0〉〈0|a~l) ‖1×
‖a∗µ
(
a†~k′ |0〉〈0|a~l′ − V
Ta†~k′ |0〉〈0|a~l′V
∗
)
aTµ‖1. (B8)
As the trace norm is non-increasing under partial trace
(‖TrX2 (X) ‖1 ≤ ‖A‖1), is sub-multiplicative (‖XY ‖1 ≤
‖X‖1‖Y ‖1), and we also have ‖X‖1 = ‖X†‖1 =
‖XT ‖1 = ‖X∗‖1:
‖DΦ −DΛ‖1 ≤ (B9)∑
~k,~k′~l,~l′
∣∣∣u~k,~k′u∗~l,~l′∣∣∣ ‖a†~k|0〉〈0|a~l‖1×
‖
(
a†~k′ |0〉〈0|a~l′ − V
Ta†~k′ |0〉〈0|a~l′V
∗
)
‖1‖aµ‖21. (B10)
As ‖a†~k|0〉〈0|a~l‖1 = Tr
√
a†~l |0〉〈0|a~l = 1, and ‖aµ‖1 =
Tr
√
nµ = L is the number of states {a†~k|0〉} with occupied
mode µ:
‖DΦ −DΛ‖1 ≤
L2
∑
~k,~k′~l,~l′
√
u~k,~k′u
∗
~l,~l′
u∗~k,~k′u~l,~l′×
‖
(
a†~k′ |0〉〈0|a~l′ − V
Ta†~k′ |0〉〈0|a~l′V
∗
)
‖1. (B11)
From the definition of unitary operators we have,∑
k u
∗
i,kuj,k =
∑
k u
∗
k,iuk,j = δi,j , therefore:
‖DΦ −DΛ‖1 ≤
L2
∑
~k′~l′
‖
(
a†~k′ |0〉〈0|a~l′ − V
Ta†~k′ |0〉〈0|a~l′V
∗
)
‖1. (B12)
Finally,
‖DΦ −DΛ‖1 ≤
d2L2 sup
a†
~k
|0〉〈0|a~k′∈FL+12
‖
(
a†~k|0〉〈0|a~k′ − V
Ta†~k|0〉〈0|a~k′V
∗
)
‖1.
(B13)
B.2. System of Distinguishable Particles
Theorem 2. Assume two maps Φ and Λ, with Kraus
operators {Ka = 〈a|US:E |0〉}a and {Ea = 〈a|US:E(IS ⊗
VE)|0〉}a, respectively. Then the following inequality
holds:
‖DΦ −DΛ‖1 ≤ d2S‖|0〉〈0| − VE |0〉〈0|V †E‖1, (B14)
where dS is the dimension of the Hilbert space of the sys-
tem S.
Proof. Writing the dynamical matrix of a map Φ in the
Choi representation:
DΦ =
dS∑
i,j=1
Φ(|i〉〈j|)⊗ |i〉〈j|, (B15)
we obtain:
‖DΦ −DΛ‖1 =
=
1
d2S
‖
dS∑
i,j=1
Φ(|i〉〈j|)⊗ |i〉〈j| −
dS∑
i,j=1
Λ(|i〉〈j|)⊗ |i〉〈j|‖1
= ‖
dS∑
i,j=1
{∑
a
Ka|i〉〈j|K†a − Ea|i〉〈j|E†a
}
⊗ |i〉〈j|‖1
≤
dS∑
i,j=1
‖
{∑
a
Ka|i〉〈j|K†a − Ea|i〉〈j|E†a
}
⊗ |i〉〈j|‖1.
(B16)
Thus, by the definition of Kraus operators above:
Ka|i〉〈j|K†a − Ea|i〉〈j|E†a =
= 〈a|E
{
USE |i〉〈j|S ⊗ (|0〉〈0|E − V |0〉〈0|EV †)U†SE
}
|a〉E ,
(B17)
9substituting in Eq.(B16), and using ‖X⊗Y ‖ = ‖X‖‖Y ‖:
‖DΦ −DΛ‖1 ≤
d2S‖
{∑
a
〈a|
[
USE |i〉〈j| ⊗ (|0〉〈0| − V |0〉〈0|V †)U†SE
]
|a〉
}
‖1
= d2S‖
{[
USE |i〉〈j| ⊗ (|0〉〈0| − V |0〉〈0|V †)U†SE
]}
‖1,
(B18)
where we used that
∑
a〈a|X|a〉 = TrE(X). Finally, as
trace distance is invariant under unitary operations, the
statement is proved:
‖DΦ −DΛ‖1 ≤ d2S‖(|0〉〈0| − V |0〉〈0|V †)‖1. (B19)
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